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ON UNIVERSAL RELATIONS IN GAUGE THEORY

SELMAN AKBULUT

ABSTRACT. In this paper we study the algebraic topology of gauge group, and
as a corollary we deduce some universal relations among Donaldson polyno-
mials of smooth 4-manifolds.

1. INTRODUCTION

Let P — X* be a principal SU(2) or SO(3) bundle over a smooth simply
connected 4-manifold X. Hence in case P is an SO(3)-bundle, it lifts to a U(2)-
bundle. It follows that when ws(X) = ws(P) the parity of cy(P) is well defined
number (i.e. it is independent of the lifting).

Recall that (e.g. [DK]) the space B*(P) of gauge equivalence classes of irreducible
connections in P is an infinite dimensional manifold with nontrivial topology. B*(P)
also admits a natural SO(3)-bundle £¢ — B*(P) which is usually called the base
point fibration. For a generic choice of a metric ¢ on X, the gauge equivalence
classes of anti-self-dual connections M(P,g) C B*(P) forms a smooth orientable
(possibly noncompact) finite dimensional submanifold, and its bordism class in
B*(P) is independent of the metric g.

When the dimension b (X) of the positive definite part of Hy(X) is odd then
the dimension of M(P, g) is an even integer 2d = 2dj = 8k — 3(1 + b5 (X)), where
k = —pi1(P)/4. For aq,...,aq € Ho(X) Donaldson defines invariants ®4(aq, ..., aq)
by associating to each a; a codimension two submanifold V; C M(P, g) and counting
the “intersection number”

M(P,g)nVin--- NV,

These invariants are usually assembled into a single homogeneous polynomial: &, =
Oxq=> Pirlai,..,aq)aj---a} in the dual homology classes. There is yet another
invariant ®4(aq, ..., aq—2,1) which is defined by the evaluation:

(P1(§), M(P,g)NViN---N Vg o).

In this paper we compute some higher homotopy groups of B*(P) generalizing
the fundamental group calculation of [AMR]. We study the topology of B*(P) and
discuss its Postnikov tower. By relating the k invariants of the Postnikov tower
of B*(P) to the homotopy groups coming from the “ends” of M(P,g), we show
that the various Donaldson polynomial invariants have to satisfy some universal
relations. These calculations are carried by evaluating certain secondary cohomol-
ogy operations associated to the Postnikov tower of the classifying space BU(2),
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by the methods of Emery Thomas [T]. The use of k-invariants of B*(P) brings a
special importance to its homotopy groups, by enabling us to relate them to the
polynomials ®,. The k-invariants are calculated by proving some divisibility condi-
tions for certain “universal” cohomology classes of B*(P). Our motivation for this
divisibility theorem mainly comes from Masbaum’s resuts in [M].

The question of whether these polynomial invariants satisfy some universal re-
lations was raised by Donaldson. Friedman and Morgan showed that in the case
of complex surfaces with “large diffeomorphism group” the Donaldson invariants
are polynomials in their first Chern class and the intersection form. In [R] Ruan
showed that, under some conditions on P, a certain combination of the invariants
®, have to be even. Later this was generalized as

Theorem ([AMR]). If ¢2(P) is odd and we(P) = wa(X), then for all classes
a; € H*(X) with o? =0 (mod 2) the Donaldson invariants satisfy:

> dalai,a;)®a(ar, ..., i, 8y, aa42) =0 (mod 2).

i<j
where q(a;,a;) denotes the intersection number of a; with a;.

In [FS] Fintushel and Stern proved some mod 2 vanishing results for the in-
variants ®4. Our main result gives a way of relating different degree polynomial
invariants ®4 and ®444 to each other:

Theorem 5.4. If P — X is an SO(3)-bundle over a closed smooth simply con-
nected 4-manifold, assume that co(P) is even when we(P) = wa(X). Then for any
basis by, ...,b, of Hy(X) and ay,...,a442 € Ha(X), we have

ZQ(bi, bj)®atala, ... aq2,bi,05) + (d+1)Pay4(ar,. .., a442,1)

.9

=+d(d—1)> _qlai,a;)®a(ar, ..., @i, .., 8j, .., 0442) (mod 3)
i<j

where (G(b;, b)) denotes the inverse of the intersection matriz (q(b;,b;)).

The sign ambiguity in the above identity can be decided by evaluating it on an
example, which we did not do in this paper. We also prove some mod p congruences
between Donaldson polynomials. Some of the calculations of this paper are gener-
alized in [A]. We hope to explore further generalizations in a future paper. If one
views Donaldson invariants as a kind of nonlinear cohomology, then these relations
may be thought of as “cohomology operations” of this theory. At the end we apply
these results to the complex surfaces with large diffeomorphism group to get more
concrete conclusions. We would like to thank Y. Ruan for his many motivating
questions and enthusiastic support of this research. Finally I would like to thank
John Havlicek for reading this paper and making valuable suggestions.

2. TOPOLOGY OF B*(P)

Let X be a closed smooth oriented 4-manifold with 71 (X) =0, and P — X be
a principal G-bundle, where G = SO(3), or SU(2). Let C(G) denote the center of
G. Let A(P) be the space of connections on P, and let .A*(P) denote the subspace
of the irreducible connections on P. Let G(P) be the gauge group acting on A(P).
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The quotient G(P) = G(P)/C(G) acts on A*(P) freely giving us the principal
fibration:
g(P) — A*(P) — B*(P)

where B*(P) = A*(P)/G(P). For brevity the dependence of these spaces on P
sometimes will be dropped from their notation. Since the total space of the fibration
is contractible, we can identify B*(P) = Bg. Recall that the following proposition
allows us to compute the homotopy groups of B*(P) (cf. [AMR]).

Proposition 2.1. There is a weak homotopy equivalence:
B*(P) ~ Map” (X, BSO(3))

where the right-hand side denotes the component of the space of (unbased) maps
inducing the bundle P.

The evaluation map ev : X x Map” (X, BSO(3)) — BSO(3) induces an SO(3)-
bundle ¢ — X x B*. Now let p : Ho(X) — H?(B*) be the usual y-map, defined
by the homology slant product pu(a) = —p1(€)/a. To be precise Donaldson’s p map
which we will call p* is defined to be p/4. In order to make p* an integral class we
have to define it on a smaller subgroup:

p* s Ao(X) = {a € Hy(X) |(w3(P),a) = 0} — H*(B*; Z).

2p* is integral on Ha(X). It is by this map p* which the Donaldson’s invariants
are defined (e.g. [DK]).
For a basis a1, ag, ..., a, of Ha(X) we define

1
0= 13 dlas ap)uen)nlay) € HA(B'Z).
i
Here (g(ai, a;)) denotes the inverse of the intersection matrix (g(a;, a;)). It is easy
to check that  is independent of the chosen basis, and is a natural class in the
sense of [M]. This means that if we write Q = Q(X) then for any degree one map
f : X' — X the induced map F : Map® (X,BSO(3)) — MaupP/(X’7 BSO(3)),
where P’ = f*(P), has the property: F*(Q(X")) = Q(X).

By restriction, the bundle ¢ gives a bundle £ — B* which is usually called the
base point fibration. Let p; € H*(B*;Z) denote the first Pontryagin class of &, i.e.
p1 = —u(1) . Let py denote the first Pontryagin number of P, i.e p1 = (p1(P), [X])
where [X] is the generator of Hy(X). The following theorem is essentially a certain
generalization of a result of Masbaum [M].

Proposition 2.2. If X is even then Q — pi1py € H*(B*;Z) is divisible by 6. Fur-
thermore, if m1(B*) = 0 then Q — p1py is divisible by 12.

Proof. Let P — X be a lifting of P to a U(2)-bundle. Principal fibrations:
St - U(2) — SO(3) — BS* — BU(2) — BSO(3)
induce a principal fibration (action is the pointwise multiplication of maps):
Map®(X, K (Z,2)) — Map” (X, BU(2)) - Map” (X, BSO(3))

where Map® (X, K (Z, 2)) means the component of the maps inducing 0 in the second
cohomology (since BS' = K(Z,2)). The fiber of this fibration is K(Z,2). So, we

get a fibration K(Z,2) — B —— B*, where B = Map” (X, BU(2)).
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As above we can consider the U(2)-bundle n — X x B induced by the evaluation
map X x B — BU(2), and define the corresponding map fi : Hy(X) — H?(B), by
taking the slant product with —p;(n). Let

0= 3 3 alasa)iaiitay) € (B 2)

Similarly by restricting n we get a base point fibration 7 — B. Since pi(n) =
p1(m*€), we have 7*(Q — p1p1(€)) = Q — p1p1 (7). We claim 7* : H*(B*) — H*(B)
is split injective when 71 (B*) = 0, and may be multiplication by 2 in general. By
this claim, Proposition 2.2 follows if we show € — pip; (7) is divisible by 12.

Let us first prove the claim: First of all the fibration K(Z,2) — B —— B*
is induced from K(Z,2) — BU(2) — BSO(3) by the evaluation map, it has a
constant coefficient system. By the spectral sequence of the fibration K(Z,2) —
B = B*, 7* is given by the following composition:

7 HY(BY) = E;,o = BL0 = pA0 = p3l ¢ p22 = pl3 c pO4 = [4(B)

where EL:4 = FPd/FPt1a=1 The following is the E of the spectral sequence:

K(Z 2)

FIGURE 1

By Proposition 4.1 w1 (B*) = 0 or Zy , E%* is free and E%? is free up to a Zy
summand. Then, by the exactness of 0 — E%? — H*(B)/H*(B*) — E%* — 0
the group H*(B)/H*(B*) is free up to a Z, summand or free when 7 (B*) = Z,.
Hence the proof of the claim follows from the exact sequence

0 — HYB*) = HY(B) — HY(B)/H*(B*) — 0
Now we have to show that Q — p;p; is divisible by 12. A similar fact was proved
in [M] in the case of BSU(2). We will modify [M] to fit our BU(2) case.

By naturality, it suffices to prove this for X = #,5% x $? [M]. Consider the

commutative diagram obtained by stabilizing the evaluation maps:
X x Map”(X,BU(2)) - BU(2)
(%) L1xj Y
X x Map”(X,BU) - BU
Since BU ~ BSU x K(Z,2), by calling k = c3(P) we get

Map” (X, BU) ~ Map" (X, BSU) x Map(X, K(Z,2))
~ Map® (X, BSU) x K(Z,2)
By [M] there is a homotopy equivalence:
¢ : Map® (X, BSU) — BSU x (BU)?» x BU
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given by ¢(f) = (f(pt), P(f),Q(f)) for some P and (. The evaluation map
o : X X Mapk(X, BSU) — BSU corresponds to

(33727 (ylay/h “'7ygvy;)7y) -z HF(rl(sc),yl)F(rg(x),y;)F([x},y)
i=1

where F : §2 x BU — BSU , F : §* x BU — BSU are adjoints of the Bott
equivalences BU ~ Q?BSU, BU ~ QiBSU, and r;,7) : X — S? are the maps
obtained by first collapsing X = £,5% x S? to the ith factor S? x S? and then
projecting to the first and the second S? factors respectively. Also [x] denotes the
image of z € X in X/\/9_, S? Vv §? ~ S%.

If ¢ denotes the total Chern class and s,, denotes the Newton polynomials, and
o; € HY(S%Z), i = 2,4, are the standard generators then a routine calculation (cf.

[M]) gives

(1) F*(¢c)=1+092 x A, with A= Z(—l)”+1sn(cl,02, )

n>1

(2)  F'()=1+4o04xB, with B=k+» (=1)""(n+ 1)sn(c1,ca,...),

n>1

Notice in the splitting BU ~ BSU x K(Z,2) the universal bundle w corresponds
to wo @ L, where wy = w @ L1, and L = det(w). Hence the bundle induced by 7
splits as: 77 =19 @ L. So the total Chern class is ¢(7) = ¢(L)c(np)-

Let {a1,a}, ..., ay,a}} be the standard basis of H*(X), and for the sake of sim-
plicity let [X] also denote the generator of H*(X). Since the multiplication on
BSU is induced by the Whitney sum of bundles the total Chern class of 7 can be
written as

e(n) = e(L)(1 x c)H(l +a; x A;)(1+a} x A))(1+ [X] x B)

i=1

=c(L)[1xc+ > aixcAi+ > aj x cAj+[X] x c(B+ ) AA)].

Here classes ¢, A;, A}, and B in H*(Map"(X, BSU)) correspond in the obvious
way to the components of Map® (X, BSU) ~ BSU x (BU)? x BU. Here we also
used a;a; = 6;;[X] and a,a; =0 = agag.

Now write: ¢(L) = a x 1+ 1 x (3, where a = Y \ja; + Y. Na, and § =1+ 6.
By calling ¢ = Be we get

c(ﬁ) =1 x 5+Zai X CA; +Za2 X 5A;+ [X] x E(B+ZAiA2)
+ ) IX] x eXAi + ) [X] x ehidj+axce
=1 x 6+Zai x c¢(BA; + \i) +Za; x c¢(BA: + \)
HIX] X c(BB+ B AAL+ Y NA+ Y NAY).
Now express the total Chern class of the bundle n — X x Mapp(X, BU(2))

(3) c(n)zl><E+Zai><bi+2a§xb'i+c(l5)x1
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where ¢(P) = ¢1(P) + c2(P). By expressing in the basis ¢1(P) = Y- pia; + Y pifa
and co(P ) k[X] we can write

—1><c+z:az b+,uz+Za>< (b + i) + k[X] x
From commutativity of the diagram (*) we have J*(c(7)) = ¢(n), where J = 1x.
Hence j*(¢) = j*(8c) = ¢ and
“(c(BA + ) = b+
(345 + X)) = Wt
J BB+ BX AL+ X NA+> NAY)) = k.
Call j*(B)iz 3. We can write j*(c) = 1+ g, where ¢ is a 4 dimensional cohomology
class. So 8 =1+ ¢ and ¢ = ¢, where ¢ =1+ ¢; + .... From the above identities
we get p; = A; and pf = A}, and
B5*(As) = (bi+XN)/(1+q)— N\,
Bj* (A}) o N N (b; + X))/ (1 +q) = X,
JH(B°B+ Y. BABAL + S NBA + Y NBAL) = kB/(1+q).
By substituting the first two equalities in the third we see
B3 (B) =kB/(14+q) = > [ (bi+X)/(1+q) = X J[ (0 + ) /(1+q) = A} ]
=Y N[N/ (L4 a) = X ] =D N[ B+ M) /(1 +q) — A ]
=kB/(14q) —1/(1+¢q)° Z(bi + ) (b + X))+ Y AN

ol .

(4) (1+9)°B%"(B) = (1+@)kB = > (b + X) () + X)) + (1+9)> > M.
By the expression of B above (2), we have
=k+ Y (=) (n+ Dsp(c1(2), c2(2), ...)
n>1

where Z — B is the bundle induced by composing the projection 7 with Q:

Map” (X, BU) -~ Map*(X, BSU) - BU.

We do not need to identify Z, but according to [M] @ represents the K-theory slant
product bundle ny/[X]. Call j*(Z£) = {. By expanding both sides, and equating
the two dimensional cohomology classes in the last equality (4) we get

(5) SObiX+bA) = —kér — 2c1(C).

By equating the four dimensional classes of both sides, and recalling that ¢ = ¢,
we get ké% + Qkég + 45161(<) - 301(C)2 + GCQ(C) = kég - Zbib; + 252 Z >\1>\; Call
e = {c1(P)?,[X]). Recall that k = (ca(P),[X]), and e = 2> \;\.. From the last
equality

(6) S bt = (e—k)ex — ket —4e1¢1(Q) + 3e1(Q)* — 6ea ().

Alternatively, we can derive (5) and (6) by applying Atiyah-Singer’s index theorem

for families [AS] to n — X x Map® (X, BU(2)). In our case since the Todd genus
td(X) = 1 the families of index theorem gives

ch(¢) = ch(j* (mo/[X])) = ch(5* (71 & L") /[X]) = ch(n)/[X] — ch(5*L) /[X].
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By plugging the values of the right-hand side from ¢(j*L) = ¢;(P) x 1 +1 x & and
from (3) gives also the identities (5) and (6).
The second Chern and the first Pontryagin classes of any U(2)-bundle are related
by p1 = ¢f — 4ea, and ¢(n) = 1+ c1(n) + c2(n) + ... Hence

p1(n) =1 x pr+p1(P) x 14+ Y a; x 2(\iey — 2b;) + Y _ af x 2(Njey — 20),
Q=2 (2b) — Njer) (2b: — Nic).
By expanding 2 and substituting from (5) and (6) above we get
Q=8(e— k)2 + (e — k) — 24 [@1c1(¢) — e1(¢)* +2¢2(C) |.
By substituting &2 = p; + 4¢; and e = p; + 4k we get
Q=p1p1 +12(p1 +2k)E — 24 [E1c1(C) — 1 (O)? + 2¢2(¢) . O

We can also prove a version of Proposition 2.2 when X is odd: We can find a
degree 2 map from an even manifold F : Y — X, and by naturality properties of
Q we get F*(Q(Y)) = 4Q(X).

Corollary 2.3. If X is odd, then 4Q—pip1 = 0 mod 6. If furthermore 71 (B*) =0
then 49 — p1p1 = 0 mod 12, in particular, if X is odd then p1p; = 0 mod 4.

Since 71 (B*) is 0 or Zs, torsion subgroup of H?(B*) is 0 or Zy. Formula (5) of
the above proof gives a result of [D]; namely if P — X is an SU(2)-bundle (i.e. );
and A, = 0) with co(P) = k odd, then the universal fibration § — X x B* lifts to
a SU(2)-bundle (i.e. & is even). Also notice that co(P) odd implies w1 (B*) = 0
(Proposition 4.1).

In case of SU(2)-bundles the fibration K(Zs,1) — BSU(2) — BSO(3) induces
the fibration

K(Z3,1) — Map(X, BSU(2)) — Map(X, BSO(3)).

By [M] 7*(p1p1 + 2mQ)p ' € H*™ (Map(X, BSU(2))) is divisible by 2m + 1. 7
induces isomorphism in cohomology groups with Zs,, 11 coeflicients hence:

Proposition 2.4. If P — X is an SU(2)-bundle, then the class (Q — p1p1)p}"
in H¥™(B*) is divisible by 2m + 1.

3. POSTNIKOV TOWER OF BU(2) AND THE ASSOCIATED
COHOMOLOGY OPERATIONS

Computation of the homotopy groups of B*(P) can be reduced to the problem
counting number of U(2)-bundles and extending U (2)-bundles on associated spaces.
Postnikov tower of BU(2) is most suited for this type of problem. It consists of
maps and spaces BU(2) — .... —» X, 11 — X, — ... — X1 and cohomology classes
knio € H"W2(X,; myt1), where m, = 1, BU(2). Existence of an U(2)-bundle over
the (n + 1)-skeleton of a space Z is equivalent to having a map f, : Z — X,, , and
extending this bundle to an (n + 2)-skeleton (after readjusting over the (n + 1)-
cells) is equivalent to showing f¥(k,+2) = 0. Each X, 12 — X,, is a fibration with
fiber K(mp41,n + 1), obtained by pulling back the universal fibration by the map
knio : X,y — K(mpt1,n + 2). In particular the fundamental cohomology class of
the fiber transgresses to k,12. At the end of this section we will compute some
useful secondary cohomology operations induced by the Postnikov tower of BU(2).
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Proposition 3.1. The 6 stage Postnikov tower of BU(2) is given by :

K(Z2,6) 2 X "% K(Z4,8) x K(Zs,8)
75 |
K(Z2,5) —» X5 20 K(Z,7)
my |
BU@) L x, % K(Z,6)

where X4 = K(Z,2) x K(Z,4), and f = (c1,c2) is given by the Chern classes.
Also if i, denotes the corresponding fundamental classes of H*(K(Z,n) : Zs) and
H"(K(Zg2,n) : Zs), and Sq*,St§ are the k-Steenrod square and cube operations,
and pa : K(Z4,8) — K(Z3,8) is the mod 2 reduction then:

ke = Sqia + inis,

j o ks = Sq*(is),

peoki=roms, where r:Xs— K(Z2,8) with roj=S¢25q¢"(is),

ki=somyoms, where s:Xy4— K(Z3,8) with s= Sti(is) — isi3 —i3.
Proof. The 4-skeleton of BU(2) is K(Z,2) x K(Z,4) and the map f = (¢1,¢2) :
BU(2) — K(Z,2) x K(Z,4) induces isomorphism on homotopy up to and including
dimension 4. If Fy is the fiber of the map f , then 7 (F5) = 0 for all £ < 4 and

75(F5) = w5(BSU(2)) = Zs. By the Serre exact sequence the first k-invariant kg is
the image of the fundamental class under transgression 7

o H(F5; Zo) > H(X4; Zo) 1 HO(BU(2): Zo).

So kg is the unique element in H®(Xy;Zy) with f*(k¢) = 0. We claim that kg =
Sq%i4 + iais. To check this we need to show that f*(kg) = Sq?ca + cico vanishes.
By the splitting principle we can assume that the universal bundle is a direct sum
of line bundles L1 & Lo hence

c1=ciLi+c1Lo, ca =ciLi.c1La,
Sq202 +cico = 2((61L1)2.01L2 + ClLl.(ClL2)2) =0 mod 2.

Let K(Z5,5) N X5 =% X, be the induced fibration by kg from the universal
fibration over K(Z2,6). By construction the fundamental class of K (Zs,5) trans-
gresses to kg, and f lifts to a map f5; BU(2) — X5. The fiber Fg of this map f5 is
5-connected, and 7g(Fg) = mgBU(2) = Z3. The transgression of the fundamental

class of HS(Fs;Zs) is the next k-invariant k; € H'(X5;Zs). This class has the
property fi(k7) =0 in fact by the Serre exact sequence

. H%(F; Zo) - H(X5; Zo) 2 HT(BU(2); Z2) = 0.

By using the spectral sequence of the fibration K(Z3,5) — X5 — X4 we see that
k7 is the class as described in the statement of the theorem:

qu = H;D(X4; ZQ) & I{(J(I((ZQ7 5), Zg)
Let us denote the two and four dimensional fundamental classes of Xy by a and
b, respectively. Since these come from integral classes Sq'(a) = Sq'(b) = 0. By
the spectral sequence the only classes that can possibly contribute to the seven
dimensional cohomology of X5 are: Sq?(is), a ®1s, and the seven dimensional class
Sq®(b) of X4. By the transgression relation dg(i5) = k¢ = Sq*(b) + ab, we have

d7(Sq'(i5)) = Sq* (ke) = Sq" Sq(b) = Sq*(b)
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FIGURE 2

also
ds(a ®i5) = ake = aSq*(b) + a®b # 0

Hence Sq?(i5) is the only possible class that could contribute to the homology, and
in fact this is the case since

ds(Sq*(is)) = Sq°(ke) = Sq*(Sq*(b) + ab) = Sq°Sq¢*(b) + a®b + aSq¢*(b)
= S¢*Sq' (b) + a®b + aSq*(b) = a*b + aSq*(b)

and the last element has already been killed by dg(a ® i5). So, Sq?(ke) survives to
give the only homology class in H"(X5;Z2) and this must be the class k7 by the
above exact sequence. From this spectral sequence, by a routine calculation, we also
get that H®(Xs5;Zo) = Zo® Zo ® Zio ® Zo ® Zo and is generated by {a?b, a*, b?, o, B}
with the properties: j*(a) = Sq¢3(i5), and j*(8) = Sq¢?>Sq'(i5). Furthermore
H?(X5;Zsy) = Zo ® Zy and is generated by {v, akr}, such that j*(v) = S¢®Sq'(i5).
In Figure 2 we indicate the nonzero differentials in the spectral sequence.

Finally, we iterate this process for the last time by taking the fibration K (Zs, 6)
— X¢ =% X5 induced from K(Zy,7) by k7. Again, the fundamental class of
K(Zs,06) transgresses to k7, and f5 lifts to fg : BU(2) — Xg. The 6-connected
fiber Fr of f has the first homotopy 77(F7) = m;BU(2) = 76(S3) = Z1a. Then
ks € H8(Xg; Z12) is the image of the fundamental class under the transgression, and
it has the property f¢(ks) = 0. Since H®(Xe;Z12) = H®(X¢;Z4) & H®(Xg; Z3) we
can decompose kg = (kg, k2). Let us first compute k3. To do this we first compute
H8 (X6; Z2) by using the spectral sequence of the fibration K(Zs,6) — Xg 5 X,

EY? = HP(X5;Z9) @ HY(K(Z2,6);Z2). So, the only possible elements that
could give the eight dimensional homology of Xg are: Sq?(ig), a ®ig, and the eight
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K(Z,, 5)

FIGURE 3

dimensional classes {a?b, a*, b?, o, B} of X5. Since d7(ig) = k7 we have d7(a ®ig) =
akr # 0, a ®ig can not contribute. Since dg(Sq?(ig)) = Sq?(k7) and j*(Sq? (k7)) =
Sq*(j* (k7)) = S¢2Sq*(is) = Sq>Sq'(is), from the above calculation, we see that
Sq?*(k7) must be a nontrivial element of H?(X5;Z3). It is also easy to check that
this element Sq¢?(k7) has not been killed by the previous differentials, hence Sq?(ig)
does not survive the given nontrivial cohomology class. Also dg(Sq'(ig)) = Sq'(kr),
and j*(Sq' (k7)) = Sq'(j*k7) = Sq'Sq?(is) = Sq¢(i5) by the above calculation.
Sq'(k7) is equal to « up to an addition with classes {a?b,a*,b*}. After a change
of basis we can assume Sq'(k7) = a. So, a does not survive the spectral sequence.
After a routine check it is readily seen that the remaining classes do survive to give
the homology of Xs. So H®(X4;Zo) = Zo © Zo ® Zy ® Zo, and it is generated by
{a®b,a*,b?,C}, such that C = 7%(3). Figure 3 shows the nonzero differentials.
Now notice that

7*Sq'(8) =Sq'j*(8) = Sq'S¢*Sq' (i5) = Sq*Sq’ (is)
=8q¢*S¢*(is) = Sq*5* (k7) = 7*S¢* (k7).
Hence by our previous calculations Sq'(3) = Sq?(k7) =« then
Sq* (C) = Sq¢*ni(B) = w2 Sq'(B) = 72 Sq? (k7)) = S¢*i (k7)) = 0.
Therefore C is actually a class with Zy coefficients and it is easily seen that f&(C) =
0 and C = ki € H®(X¢;Z4).
Now it remains to compute k3 € H®(Xe;Z3). Since mod 3 cohomology does not
see the torsion in K (Z2,n) we see that k3 = (m40m5)*(s) for some s € H®(X4; Z3).

We must also have f*(s) = 0 in Z3 cohomology. We can easily see that s = St (iz)—
i2i3 — i3 is the unique element satisfying this property. We can check this (as in
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the case of k4) by using the splitting principle, i.e. by assuming that the universal
bundle is a direct sum of line bundles L; @ Ly. Then f*s = Sti(ca) — cac? — 3,
and the following calculation gives f*s = 0.

Sté(CQ) :Sté(clLl.cng) = Sté(clLl).cng + ClLl.Sté(Cng)

:(01L1)3.61L2 —|— ClLl.(ClL2)3 = ClLl.ClLQ((ClL1)2 + (61L2)2)
:CQ((ClLl + Cng)z - QClLl.ClLQ) = CQ(C% - 262) mod 3. O

The k-invariants of BU(2) gives rise to secondary cohomology operations. To
compute them we need to know how they behave under pull-backs. Let E — BU(2)
be the bundle obtained by pulling back X5 — X4 by f. Since kg o f is null
homotopic, F can be identified by the trivial bundle

K(Zs,5) x BU(2) - X,
! !
BU(2) S x,

Let f be the map covering f, then we have

Lemma 3.2.
(k7)) = Sq?(i5) x 145 x c1.

Proof. First of all by construction f*(k7) has to be nonzero since it has to restrict to
Sq?(i5) on the fiber. By considering f and f as inclusions, we can apply the Thomas
exact sequence of this relative fibration (T], p. 18) to get the exact sequence:

.. — H'(X5:Z5) EiN H"(K(Z,5) x BU(2); Zy) — H%(X,, BU(2); Z>)

where 7 is the relative transgression. Since H'(BU(2)) = 0 7 takes values
in H¥(X4;Zy). If g : K(Zo,5) x BU(2) — X4 is the projection followed by f,
then we can define a right action of H*(X4;Z3) on H*(K(Z2,5) x BU(2);Z3) by
uw =u— g*(v). By (T], p. 14), the transgression is equivariant under this action
ie. 7(uw) = 7(u) — v. Hence

T(i5 X Cl) = T((i5 X 1) ~ (1 X Cl)) = T((?:5 X 1) ~— g*(lg))
= 7(i5 x 1) — iy = (Sq°(is) + iia)ia = Sq*(izis).
io and i4, being integral classes, are annihilated by Sq¢'. Since S¢?Sq? = Sq¢3Sq!
we have Sq?>Sq?(is) = 0. Therefore
7(S¢*(i5 x 1)) = S¢* (k) = Sq*(izis).

Therefore Sq?(i5) x 1+ 15 x c; lies in the kernel of 7, hence by the exact sequence
this must be f*(kz7) (recall that k7 is the only nonzero element of H™(X5;Z2)). O

The fibration K (Zs,8) — K(Z4,8) 22 K(Z,8) allows us to break the Z4-
class ki into two Zy classes ki', and ki2. This means that we first kill the class
k&' := pa ok} in tower construction then kill the other Z class that appears in the
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next stage. This allows us to decompose the tower as follows:

kg

K(Z2,8)L>X8 —  K(Z3,8)
w7l
j klz
K(Zy,7) — X; — K(Z,8)
e |
j kll
K(Z5,6) — X¢ —— K(Z,8)
w5l
K(Z2,5) > X5 % K(Za,7)
my

BU©2) L X, % K(Zs,6)

kit = roms , where r : X5 — K(Zy,8) with roj = S¢®Sq'(is), and
k&% o j = Sq'(i7), and rest of kg, kv, k3 as in Proposition 3.1.

For a prime p, it is easier to construct the mod p Postnikov tower of a space
Z. This means that if C, is a class of torsion abelian groups such that the order
of each element is prime to p; we construct the Postnikov tower of Z by using
groups m,(Z)py = mn(Z) mod Cp. This gives a space Z,) approximating the mod
p homotopy type of Z [MT]. Let us apply this to BU(2). We have m,41BU(2) =
n(S3) for n > 2 | and the smallest integer n such that 7,(S®) has a nonzero
element of order p is n = 2p. Also m2,(S®) = Z, mod C,. So again by calling
Xy =K(Z,2) x K(Z,4) the first stage of mod p resolution looks like

BU(2) ) — Xa 225 K(Z,,2p+2).

We claim: kgpio = Stll,(u) — 448p—1(i2,14), where s,_1 is the Newton polynomial

. . —1 —1 .
satisfying s,—1(01,02) = 2" + 257" with 0y = 21 + 22 and 02 = z173. To see

this pull back 79 and i4, to ¢; and cs. By the splitting principle assume that the
universal bundle is the sum of line bundles L = Ly ® Ly. Call z; = ¢1(L;)

Sty(c2) = Sty (z122) = afwy + 212} = 129 (22 4 257 = easp_1 (e, c2).

Actually mg,14(5%)) = 0 for s < 2p — 3 [T]. This implies vanishing of some
higher k-invariants of the mod p tower: k; =0 for 2p+2 < i <4p — 2.

4. HOMOTOPY OF B*(P)

From the weak homotopy equivalence B*(P) ~ Map”’ (X, Bso(s)) we get

m(B*) =[S*, so; Map” (X, Bso(s)), P
=moMap, (S*, Map” (X, Bso(s)))
=moMap(S* x X, BSO(3))P
=[S* x X, Bso)]”.
Here sy denotes the base point of S*, and the exponential P above means the
set of maps that restrict to P on sg x X and are homotopic to P on each slice s x X

(by viewing view P as a map). Hence the last expression is just the isomorphism
class of bundles over S* x X which restrict to a bundle isomorphic to P on each
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slice and equal to P on a particular slice:

3
e (B) = il Elooxx = P, €|sxx = P for each s € S*
Sk x X

So, m(B*) is identified by the number of different bundles on D* x X restricting
to a fixed bundle P on S¥~1 x X, where P denotes the bundle obtained by pulling
back P by the projection to X. The group structure is induced by the obvious way
of composing two copies of D* x X along their face D*~1 x X.

If H;(X) = 0 the bundle P — X lifts to a U(2)-bundle P — X. If case wq(P)

is characteristic, i.e. wa(P) = wa(TX), c2(P) mod 2 is a well-defined number, i.e.
it is independent of the lifting. Recall by [AMR]:

Proposition 4.1.

Z, if { ZQ(%): oo }

0 otherwise.

m(B*(P)) =

In this section we will compute some higher homotopy groups of B*(P). Since
DF x X = SF1 x X U (k — cell) U (k + 2 — cells) U (k + 4 — cell), there are no
indeterminacies in applying the obstruction theory to count the bundles. For i =
k.k+2, k44, let (Dk X X)(i) denote the i-skeleton of DF x X and

B; = the number of different bundles on S*~1 x X U (DF x X))
restricting to the fixed bundle P on S*~! x X,
A; = the number of different ways to extending a given bundle on

Sl x X U (DF x X)(=2) to SF=1 x X U(DF x X)),

Let 6; : B;—_o — O; be the obstruction to extending to the i-skeleton where

A; = H(D" x X, 8% x X;mBso) = H ™ F(X;m-180(3)),

O, = H(D* x X, 8% ' x X;m;_1Bso)) = H "(X;m_250(3)).

For example 7 (B*) = Byys. The group m(B*) contains at least the “trivial”
element P. Bj4 is a subset of @ H*¥(X;m;_150(3)). In particular, all m(B*)
are finite if £ > 4. We can also identify the obstructions with the k-invariants in
the Postnikov tower of BU(2).

Let 7, (B*)g be the subgroup of bundles in 7 (B*) which are isomorphic to P in
the complement of a point in S¥ x X. Clearly the elements of 74 (B*)o are obtained
from P by clutching at the top skeleton by bundles n — S¥*4. Let 7, (B*); be
the cosets of this subgroup, i.e. it is the equivalence class of bundles which differ
in the complement of a point, we have a short exact sequence

0 — 7 (B*)g — mp(B*) — m(B*)1 — 0.

7 (B*)1 consists of elements of By.o which are annihilated by 0j44. Clearly 7 (B*)
is obtained from 7 (B*); by clutching at the top skeleton by bundles n — S*+4.
For o € 7 (B*)o and the bundle corresponding to n € m4+350(3), let afn denote
the bundle obtained by clutching o with 7 in a chart. So we have the following
useful fact.
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Lemma 4.2. If 11,1350(3) = Zy, and n is a generator of this group then
m(B")o = { %k ZZJ}J;%?);%Pﬁ forall i=1,.. k.

The following idea of Morgan gives us a useful way of expressing afin = a.
Lemma 4.3. There is an SO(3)-bundle ¢ — S x S* x X —int(B5T*), such that
Elgesn = 1 and Eloxsixx = o if and only if afn = a.

Proof.

Fall
Fall

Stx Stx X - int(B%) I xStx X

FIGURE 4

Given such a bundle ¢ we cut S! x S* x X — int(B%**) open to get a bundle
over the punctured I x S¥ x X which restricts to a on the two outside boundary
components and to n over the puncture S°.

Then by connecting summing S*** to one of the outside boundary components
we get a bundle over I x X restricting o and affn over the two ends, hence these
two bundles are isomorphic. Clearly the converse also holds. O

Proposition 4.4. If m (B*(P)) =0, then

. H*(X;Z) if wa(P) # wa(TX),
m2(B(P)) :{ H2(X:Z)®Zo if wy(P)=wy(TX).

Proof. We can always assume that c(P) is odd. This is because c; = 1 (¢} — p1)
and, hence the changing of the lifting ¢; to ¢; + 20 changes ¢z to ¢z + (c10 + 6?).
So in case wa(P) # wo (T X), by choosing 6 we can change the parity of c;. When
wa(P) = wa(TX) we must already have ¢y odd, otherwise B*(P) would not be
simply connected by Proposition 4.1.

Let £ — S? x X be an element of m3(B*). Since the complement of a point in
S$? x X is a 4 complex, over S? x X — int(B®) this bundle is determined by its first
Pontryagin class p1(§) and the second Steifel-Whitney class wz(§) ([DW]). Since
S? x X is simply connected ¢ lifts to a U(2)-bundle £. By the Kunneth theorem
the Chern classes of £ can be expressed as

c1(é) =1xer(P) +€([S%] x 1), ea(§) =1 x ea(P) + [S°] x a,
where o € H?(X) and € = 0 or 1, and [S?] denotes the fundamental class of S2.

wa(§) = ¢1(€) mod 2,
p1(§) = c1()® — 4e2(§) =1 x p1(P) + [S?] X (2¢c1(P) — 4av).
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Since ¢ is defined on all of S? x X the obstruction to extending to the top skeleton
must vanish (notice if it extends as an SO(3)-bundle then it must extend as a U(2)-
bundle), i.e. 0g(¢) = 0. By definition 84(£) can be identified with the k-invariant
ks in the Postnikov tower of BU(2), so

ke (€) = Sq?(c2(€)) + c1(€)ca(€) mod 2.

An easy calculation shows that kg(€) = o + cia + eco mod 2. Since ¢y is odd,
the condition kg(£) = 0 implies € = (a? + c1a, [X])mod 2, i.e. € is determined by
a. Hence £ | S? x X — int(BY) is determined by o € H?(X). Conversely, given «
we can construct the corresponding bundle, since the obstructions to constructing
it lies in O; = 0 for i = 2,4. So m(B*); = H*(X;Z).

We claim that mo(B*)o = Z2 or 0 according to the wq(P) characteristic or not.
Since m5S50(3) = Zs. By Lemmas 4.2 and 4.3 it is enough to show that:

(a) Every SO(3)-bundle n — S1x 5% x X —int(B") restricting to £ on 0x S?x X,
extends to ST x §? x X, when wy(P) is characteristic.

(b) There is an SO(3)-bundle  — S x §% x X — int(B7”) which restricts to ¢
on 0 x S? x X and n|gs is nontrivial, when ws(P) is not characteristic.

Since SO(3)-bundles in question all lift to U(2)-bundles, it suffices to show (a)
and (b) for U(2)-bundles. Let £ — S* x 52 x X also denote the pull-back of
€ — §% x X by projection. Consider the Postnikov tower of BU(2):

K(Z5,5) = K(Zs,5) = K(Z,5)
il i i
K(Z2,5) x (S' x §2 x X) 24 K(Zy,5) x BU2) > X5 K(Z2,7)
sl ! !
S'x82x X - BU(2) L xy e K(Z,,6)

Here f : BU(2) — K(Z,2) x K(Z,4) is given by (c1, c2), and g is the classifying
map for €. Since kgo f is null homotopic, f and fog induces trivial K (Zs, 5)-bundles
over BU(2) and S! x S? x X respectively.

In particular f o g lifts to X5, and the number of different liftings are given by
H?(S'x 82 x X,0x S%x X;Zy) = Hy(S? x X;Zy). Let f : K(Z2,5)x BU(2) — X5
be the map covering f. Then the different liftings h of f o g can be constructed by
h=fo(lxg)os, where s = (3,id) : S' x §? x X — K(Z2,5) x (S* x $? x X) is a
section of the trivial bundle corresponding to a map 3: S* x §? x X — K(Zy,5).
By Lemma 3.2 f* (k7) = Sq?(i5) +i5 X c1, hence

B (k) = SP(B) 4+ — ex(§) mod 2.
In general we can write 3 = [S1] x [S?] x a + §[S1] x 1 x [X] which gives
h*(k7) = [SY] x [S?] x (a* + ac1(P) + 6¢[X]) mod 2

where € = (a? + c1a, [X]) mod 2. Hence if wo(P) is not characteristic we can find
the required bundle of (b) by choosing 3 such that § = 0 and a € H?(X) with
a? + acy(P) # 0 mod 2. This means that by modifying £ over the 5-skeleton we
can get a bundle n with the desired properties.

If wo (P) is characteristic then clearly we always have h*(k7) = 0. This says that
the obstruction to extending is always zero, and (a) follows from Lemma 4.9. O
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For 71 (B*) = 0, we have
H?*(B*;Z) = Hom(H,(B*),Z) = Hom(my(B*); Z) = Hom(H?*(X), Z).
Let ay, ..., ap, be a basis of H?(X), and ¢; = (a? + c1,[X]) mod 2. Then we can
explicitly describe the map u: Ho(X) — H?(B*(P)):
Lemma 4.5. p(0)(c;) = 4{a;,0) — 2¢;{wa(P),0).
Proof. Let f; : S — B*(P) correspond to a; € H*(X). If & — S? x X represents
fi then py(&) =1 x p1(P) + [S?] x (2€;¢1(P) — 4a;). Then &; is also the pull-back
of the universal bundle ¢ by f; x 1: 5% x X — B*(P) x X, hence
pO)(e) = —(pi((fi x 1)°€)/0, [S%])
= —(pi(&), [S%] x 0)
= 4<O¢Z‘,9> — 2€Z‘<01(P),9>. O

In particular if a1, aq,...,a, € Hy(X) are the Poincaré duals of aj, ..., a, and
af € Hom(H?(X)) are the vector space duals of a;, then we can write

nlay) = 42@' — aj, [X])a; — 2(wa(P), ay) Zﬁiaf O

Remark. In the remaining case of m(B*(P)) = Zgy the above result still holds.
Since we do not need the result in this generality we leave the proof as an excerise.

Proposition 4.6.

\ 0 i P)#0 mod 3,
m3(B*(P))) :{ Zs z]} I;i((P))io m(())d 3.

Proof. For k = 3 the sets Az = 0 and A5 = H?(X;Zy). We are doing our calcula-
tions mod C, where C is the class of torsion abelian groups whose orders prime to 3.
Hence there is a unique bundle £ — 53 x X — int(B7) restricting to P on so x X.
As in the proof of Proposition 4.4, by identifying the obstruction 07 to extending &
to S3 x X by ky, which is 0 mod C. So 73(B*); = 0 mod C.

By Lemmas 4.1 and 4.2 it is enough to show that when p;(P) =0 mod 3 every
SO(3)-bundle n — S x S x X — int(B?®) with 7|0 x S? x X = £, extends to
St x §% x X; and when p;(P) # 0 mod 3 there exists an SO(3)-bundle n which
does not extend.

Notice that p;(P) = 0 mod 3 implies c¢Z(P) = co(P) mod 3. From Post-
nikov tower of BU(2) the obstructions to extending n are given by the k-invariants
(ki, k2), and k} = 0 mod C. By Proposition 3.1 k2 is a primary obstruction and

k2(n) = s(n) = Stzea(n) — ca(n)es () = ea(n)?.
By the Kunneth theorem the characteristic classes of n must look like
c1(n)=1x1xc¢(P), ca(n) =1 x 1 x ca(P) + A([S'] x [S?] x 1)
where A € Z. Hence k2(n) = —A[S1] x [S3] x (c1(P)? + 2¢2(P)). But this vanishes
mod 3 when p;(P) = 0 mod 3. O
Proposition 4.7. If m,(B*) = 0 and p any odd prime, then m4(B*)) = Z. Fur-
thermore if p > 3

" 0 if 4<k<2p-—3,
(B )(p):{ Z, if k=2p—3
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The vector space dual of the induced homology class of the generator [S*] of T4(B*) ()
is p*(1) = —p1/4 when p > 3 orp = 3 and p1(P) = 0 mod 3, otherwise it is $p*(1).
In particular if p1(P) # 0 mod 3 then p1[S*] = 0 mod 3.

Proof. For simplicity write mj,(B*) = 74 (B*) (). Since 7 (5?) has no p-torsion for
k < 2p and we are computing only the p primary components, it follows from the
definitions that for p > 3: Ay = Z for k = 4, and Ay = Apyo = Agya =0
for 4 < k < 2p—3, and Apya = Zy, for k = 2p — 3. Also Opyo = Opya =0
for 3 < k& < 2p — 2. Now the statements 74(B*)(,) = Z and m(B*),) = 0 for
4 <k <2p—3, follow from obstruction theory definitions.

Furthermore we conclude that ma,_3(B*) = map_3(B*)o, i.e. the only possible
nontrivial elements are represented by bundles 7 — S?P~3 x X obtained by twisting
the “trivial” bundle P at the top cell. As before by the aid of Lemmas 4.2 and
4.3 we will conclude mo,_3(B*) = Z,. This follows by proving that every bundle
€ — (81 x 82773 x X)), which agrees with P on 0 x S?~3 x X, extends. We show
this by writing ¢1(§) =1 x 1 x ¢1(P) and ¢2(§) =1 x 1 X ¢a(P). The relevant
k-invariant measuring the obstruction to extension is kgpq2. It is computed at the
end of section 3 :

kopt2(€) = St}g(cz) — ca5p—1(c1,¢2) = 0.

Hence by Lemma 4.9 € extends. In case of p = 3 and k = 4, we make the same
argument, except we have Og = Z3 and the obstruction to extending the elements
A € Ay = Z to the top skeleton is the following element of Zs:

s = \[S*] x (¢1(P)? + 2¢o(P)).

6 vanishes when p; (P) = 0 mod 3 or A = 0 mod 3. Hence the generator A of my4(B*)
is identified by 1 or 3 in Z according to p;(P) = 0 mod 3 or not.

To see the last assertion let f : S* — B* be the generator, this corresponds to a
bundle n — S4x X such that ¢1(n) = 1xc¢1(P) and ca(n) = 1xca(P)+A([SY x1)
with A € Z, and hence p;(n) = 1 x p;(P) — 4\[S*] x 1. 7 is also the pull-back of
the universal bundle £ by f x 1: 5% x X — B*(P) x X, hence

(b1, £:18Y]) = (p1(), £[SY] x 1) = {(f x D) pa(§), [$] x 1) = —4A. O
Remark 4.8. Similar arguments give 75(B*)3) = H?(X;Z3), and for p > 3

H?*(X,Z,) if k=2p—1,
Fk(B*)(p) = Zp if k=2p+1,
0 for other 2p—3 <k <4p—6.

If the obstructions to extending a bundle £ from (k—1)-skeleton to the k skeleton
of a CW-complex vanishes, then we can extend £ to the k-skeleton by possibly
readjusting it over the k — 1 cells. The following lemma says that in the cases we
are interested in we can extend it without readjusting the bundle.

Lemma 4.9. Let £ — (S! x S x X)g be an SO(3)-bundle over the punctured
St x 8™ x X, where n = 2, 3 or 2p — 3 for an odd prime p. For n = 2 also
assume that we(£)(1 x S? x 1) = 0. Then this bundle extends to S x S™ x X, if
the obstruction k.45 to extending to the top skeleton vanishes.

Proof. Let Z = S' x S" x X and Zy = Z — int(B"*5). When k, 15 = 0 by obstruc-
tion theory £ can be extended to Z, after possibly changing it over the n + 4 cells.
We claim that this readjustment over n + 4 cells is not necessary, i.e. if £ does not
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FIGURE 5

extend, then it can not be extended even after readjusting it over the n + 4 cells.
Here we use a trick of [AMR]. If this is not the case we would have two bundles
over the complement of the (n + 3)-skeleton (Figure 5):

Zo— 8" x 8" x XP Uint(B*!) x By = (S' x S™)o x Bj — int(B"?)
agreeing over the outside boundary, and one extending the other not extending
over B"t5. Here X? is the two-skeleton of X, B =X — X®@), B{‘H is a ball in
St x 8™ and (S x S™)g is the complement of this ball.

By putting these bundles together on the double of this manifold (two copies of
the manifold glued along the common boundary) we obtain a bundle on

W = Double((S* x S™)y x B*) — int(B"*5)
which is nontrivial on the boundary. W = S x §"t445" x §5 — int(B"5).
Hence we get a map f : W — Bgp(z) which restricts to the nontrivial element
of Tp14(Bso()) = Tnt3(5%) on the boundary 5™, By surgery we can turn f into
a map from a f: W"5 — Bgg3) where W™+ is a ball (in case n = 2p — 3 it is a
Z,, homology ball), contradicting the fact that f is essential on W = S+, O

5. UNIVERSAL RELATIONS

Let P — X be a SO(3)-bundle over a smooth Riemanian 4-manifold (X, g).
The moduli space M(P) of ASD connections on P is defined to be

M(P) = {[A] € B*(P) | F}.(A) = 0}

where F; (A) is the self-dual part of the curvature of the connection A with respect
to metric g. For generic metrics this is a smooth oriented manifold. For a fixed wo,
it is customary to call k = —p;(P)/4 and denote My = M(P). In particular, for
SU(2)-bundles we have k = cy(P) . Taubes’ gluing construction gives an imbedding
representing the gluing parameter:

SO(3) C B*(P).

Proposition 5.1. Let v € w3(B*(P)) be the map given by composing the 2-fold
covering map with the inclusion SO(3) — B*(P). Then ~ represents the generator

of m3(B*(P)) 3)-
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Proof. By the exponential principle the homotopy class of the inclusion:

5% — B*(P) = Map” (X, Bso(s))
describes an SO(3)-bundle n — S% x X. By [AMR] this bundle is described
by the clutching map ® = mo ¢ , where ¢ : S3 x S — S3 | ¢(p,z) = zpr~!
and 7 : % — SO(3) is the covering map. Si~nce the restriction of ¢ maps ¢ :
52 x 83 — 82 it comes from the induced map ¢ : S% * 2 = §% — §3. This is the

usual Hopf construction applied to ¢, and it gives the (Blakers-Massey) generator
of 7'('6(56) = 212 (eg [J]) O

Recall that [DK] dim(My) = 8k —3(1+b3), where b = by (X) is the dimension
of the positive definite part of the intersection form of X. In particular when b3 (X)
is odd then dim(My) = 2d, for an integer d := dj, = 4k — 3(1+b3).

For aq,...,aq € A2(X) = {a € Ha(X)|{w2(P),a) = 0} the Donaldson invariant
is defined to be the intersection number:

CI)d(al, ...,ad) =M,nVinWen..NVy €Z
where V7, ..., V; are the codimension two divisors representing the duals of p*(aq), ...,
" (aq), and
W As(X) — H*(B(P); Z)
is the map defined by taking slant product with —1p1(£) (see section 2). In general

for aq,...,aq € Ha(X), we take V; to be the divisors corresponding to the integral
classes *(2a;) and count the intersection number and divide by 2¢. So in general:

Py(ay,...,aq) € Z[3].
By using the slant product map p* : Ho(X) — H*(B*(P);Z) we also have

(I)d(ah ooy Ad—2, 1) = <,U(1),Mk N Vl N ‘/2 n...N Vd—2>'
Recall that [KM] a manifold X is called simple if

<I>d+4(a1, .oy Qd, 1, 1) = 4<I>d(a1, ...,ad)

By convention it is usually defined: ®442(aq, ..., aq,1) = 2P4(aq, ..., aq).

Now assume 71 (B*) = 0, then H?(B*) = Hom(H?(X)). Let by, ..., b, be a basis
of Hy(X) and fi,...,3, € H?*(X) be the dual basis with the intersection form
Bij = {B; — B;,[X]). Then if 8} are the vector space duals of 3; in Hom(H?(X)),
by Lemma 4.5 and remarks following it we have

p(2b;) =8> Bryf3r.
From this we can easily calculate that

We want to compute some homology groups of B*(P), for this we need to con-
struct its Postnikov tower. We will compute a few stages of the mod p Posnikov
tower of B*, where p is an odd prime. Let C, be a class of torsion abelian groups
such that the order of each element is prime to p. The vector space duals {3} of
{B;} determine a map f : B*(P) — Ya, where Y5 = [[ K(Z, 2) is an n-fold product,
where n = rank H?(X). The map f induces isomorphisms on m; for i = 1,2. Let
F3 be the fiber of f.
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Let us first treat the case p = 3. If p;(P) = 0 mod 3, we have m3(B*) = Zs
mod C, and H3(F3;Zs3) = Z3. The first k-invariant k4 is the transgression of the
fundamental class 7(i3) in the Serre exact sequence:

o H3(Fy; Zy) — HA(Ya: Z3) 2 HY(B*;Z3) — ....

Hence k4 is the unique element in the kernel of f*. Since p;(P) = 0 mod 3, by
Proposition 2.2 and Corollary 2.3 class € H*(B*;Z) is divisible by 3. We see
that  is the pull back of the class a = >, Brsyr — 75 € H*(Y3) by f, where
Y =1x ... X ig x ... x 1 € H*(Yz) are the standard generators (here iy occurring
in the rth slot). Since (B;;) is unimodular intersection form, the Zgs-reduction
ky € H*(Y3;Z3) of o is a nonzero class. Also it lies in the kernel of f*, where f* is
the map induced in cohomology with Zs coefficients. So k4 is the first k-invariant.
Let Y3 be the pull-back fibration by k4, and Yy by k5 :

Y,
!
Vs 25 K(Z,5)
!

B(P) L v M K259
In case p1(P) # 0 mod 3 we have m3(B*) = 0 mod C. So in this case ks = 0 and
hence Y3 = Y5. By a simple spectral sequence argument we see that H°(Y3) = 0,
hence k5 = 0. Therefore the forth stage approximation of 3?3) is:

v — Y3 x K(Z,4) when  py(P) = 0 mod 3,
Y7 Yax K(Z,4)  when p;(P)#0mod 3.

Similarly, by using Proposition 4.7 and Remark 4.8 we can construct the Post-
nikov resolution of By, for an odd prime p > 3. From 73,_3(8") = Z; we get the

following nontrivial first stage Postnikov tower of B*(P),:
« F Kap—
B, — [[ K(2.2) x K(Z,4) 25 K(Zp,2p - 2)

where F' = (f,—p1). Let Ys,_4 = [[K(Z,2) x K(Z,4). In case wo(P) = 0, by
Proposition 2.4 we can identify ko,_o as follows: If v; € H2(ng,4; Z,),i=1,..,n,
are the two dimensional generators and p € H*(Y2,_4;Z,) is the four dimensional
generator, and p = 2m + 1 and p; = (p1(P), [X]) then

kop—2 =4 () Bijvi— ) — p™ " —pip"
in particular:
F*(kop—2) = Q — p"~ ' — p1p}"

where p; = —p(1) is the Pontryagin class of the base point fibration. Recall as an
integral class F™*(kop—2) = p O2p—2, for some 6s,_o € H?P=2(B*).

Let Y5,_3 be the pull-back of the universal fibration by ks,_2 over Y5, 4. Since
Top—2(B*) = 0 the 2p — 2 stage approximation Ya,_» of B* is equal to Y2,_3. The
spectral sequence of the fibration K(Z,,2p — 3) — Y3,_3 — Ya,_4 immediately
gives H*~2(B*) torsion free (mod C,), and
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K(Z, 2p-3)
&(izp-o)
i2p—3
Y2p—4
k2p—2
FIGURE 6

Proposition 5.2. Let P — X be an SU(2)-bundle, p =2m + 1 an odd prime and
k < 2p— 2, then H*(B*;Z,) = H*(Yap_4;Z,). PFurthermore assuming pi(P) =
0 (mod 3) in case p =3, we have a mod C, short exact sequence:

0— H* 2(Yay_4) = H*P"2(B*) — Z, — 0,
0 — H? (Yo, 4:Z,)/ (ko) > HP"(B*;Z,) — Z,, — 0.

In the spectral sequence of K(Z,,2p — 3) — Ya,_3 — Yo, 4 the fundamental
class 19,3 transgresses to the class ka,—o. So the differential of the mod p Bockstein
6(i2p—3) maps to 6(kap—2). Since kop_2 comes from an integral class 6(kgp—2) = 0,
so 6(igp—3) can be viewed as a class in H*P~2(Ys,_3;Z,). In fact if F: B* — Ys,_3
is the approximation map then F*§(igp—3) = O2p_2. (See Figure 6.)

Let Y to be the kth stage Postnikov appoximation of BE‘p). By continuing as
above (by using Remark 4.8), we get

Y9 = Vi <, [[ K(2s,5),

Yv41;77 = }6?—2 Xkap HK(va 2p — 1) Xkopta K(va 2p + 1) , forp>3.

The k-invariants kop and kopyo come from classes in H*(Yo,_2;Z,) and
H*(Yap;Zy). Similarly, they can be calculated from the divisibility information
on classes in H*(B*). For example, ko, is either zero, or else it is given by
8(iap—3) — i, i = 1,2,..., or classes in H*(Ya,_4). To decide which, we need
to know whether the classes 62,5 — 3, or the ones coming from H?P (Y, 4) in
H?"(B*) are divisible by p . Notice that vanishing of any of these k-invariants
creates torsion class in H*(B*).

Theorem 5.3. If P — X is an SO(3)-bundle over a closed smooth simply con-
nected 4-manifold, assume that ca(P) is even when we(P) = wa(X). Then when
d =2 (mod 3) the following holds: For any basis by, ..., by, of Ha(X)

Zq(ai’a’j)¢d(a’l7 s 7ai7 LIRS ,aj7 . 7ad+2)
1<j
:iZQ(bivbJ)®d+4(a1>.-~,ad+2,bi,bj) (mod 3)
i,J
where (G(b;,b;)) denotes the inverse of the intersection matriz (q(b;,b;)).

Proof. dim(Mp41) = 2di4+1 = dim(Myg) + 8 = 2dj, + 8. Choose surfaces Xy, ...,
Yd+2, in general position representing ai,...,aq4+2. Let V; be the corresponding
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FIGURE 7

divisors that are transverse to each other and to My and My,;. This gives an
oriented 4-manifold:
N=Vin---NVio N Mpiia
in B*(Pg41), where Pyy1 — X is the bundle with py(Pry1) = p1(P) — 4 and
wa(Pry1) = wa(P). Also recall d, = d and 2d = —2p; — 3(1+ b3 ). (See Figure 7.)
In general N is not compact. The ends of N compactify to give cones on SO(3).
By [R] each end corresponds to a pair ([A], z), where

A eVin---nVin---NV;N---NVgo N Mg and ze€¥;NY;

and the number of such pairs are measured by the number:

(7) q(@d)(al, e ,Old+2) L= Zq(ai, aj)<1>d(a1, ..,al‘, v ,aj, e ,ad+2).
1<j

By cutting the cones we get a compact manifold with boundary N C B*(Py1),
such that each component of the boundary of N is the gluing parameter SO(3).

Since p1(P) = —d = —2 mod(3), we have p;(Pj11) = 0 mod(3). Hence Propo-
sitions 4.1 and 4.6 imply 7, (B*(P)) = 0 and 73(B*(P))(3) = Z3. By Proposition
5.1 the two-fold covering map followed by the gluing parameter S* — SO(3) C
B*(P) gives a generator of Zjz in the third homotopy group. So, each bound-
ary component of N maps to a fixed generator of Zs. In particular the number
q(®q)(a1,...,aq12) mod 3 represents the (mod 3) obstruction to extending the
imbedding N < B*(P) to the space N* obtained by coning each boundary com-
ponent SO(3) of N.

We will now compute this obstruction from the mod 3 Postnikov tower of B*(P).
Equating these two ways of computing the obstruction will give us the required
formula. Since p1(Px+1) = 0 mod 3, the first k-invariant is ky = Z” BV — s €
H*(Ys;Z3) , where (B;;) is the intersection form. Since N is orientable and B* is
simply connected, after doing some ambient surgeries in B*, we can assume that
it is simply connected. Now it is clear that the only obstruction to extending the
inclusion i : N < B* to a map from its compactification N* — B* is given by the
class kyo0j € HY(N*,Z3) = Z3, where f is the first map of the Postnikov tower and
j: N* — Y5 is the extension of foi . We can compute this by evaluating k4 o f on
N:
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v, 25 K(Z,5)
!
BP) L v, F K(Zs,4)
1 1j
N < N

Hence the obstruction is obtained by evaluating k4 on N. This is done by
taking codimension two divisors V; C B* representing p*(b;) and computing the
intersection numbers with orientations

1
1 > qbi, b )N OV V] = qbi, b)) NNV NV/ mod 3.

i,j ,J
This gives the other term in our identity. ([
By the notations suggested in [R]
(8) q(®a)(ar, ... ags2) = »_qlai, a;)®alar, ..., @, .., dj, ..., Qd42),
i<j
(9) ig(Pasa)(ar, ooy @ag2) = @(bi,by)Paralas, ..., aaya,biby).
]

we can express the conclusions of Theorem 5.3 as
(10) q(Pa) = iq(Pats) (mod3)

i.e. the exterior product of ®; with the intersection form is equal to the interior
product of @44 with the intersection form (contraction). We can similarly denote
the evaluation of the Pontryagin class as an interior product:

(i1<I>d+2)(a1, ceey ad) = <I>d+2(a1, ..., ad, 1) = 2(I>d(CL1, ceey ad).

For example if X is simple then i%(®4,4) = 4®,4. The following is a generalization
of Theorem 5.2:

Theorem 5.4. If P — X is an SO(3)-bundle over a closed smooth simply con-
nected 4-manifold, assume that co(P) is even when wy(P) = we(X). Then

iq((I)d+4) — (d+ ].)(I)d+2 = :td(d — ].)q((I)d) (mod 3)

Proof. py —4 = —d—4 = —(d+1) (mod 3). Hence in case d = 2 (mod 3)
the result follows from Theorem 5.3. Now assume d # 2 (mod 3), then we have
p1(Pry1) = p1 —4 # 0 (mod 3). Hence m3(B*)3y = 0 where B* = B*(Pry1).
Therefore the ends of N are null homotopic, hence we can assume the imbedding
N C B* extends to the imbedding of the 4-cycle N* C B*. Then Proposition 2.2

implies the result, since the right-hand side of the formula is zero being a multiple
of d(d—1) =0 (mod 3) . O

Theorem 5.5. If P — X is an SU(2)-bundle over a closed smooth simply con-
nected 4-manifold, let p > 3 be a prime with cz(P) = (p+1)/2 (mod 2) when X is
even. Then

¢ V28,=0 (mod p)
implies

igi P2 (B gnp_ o) + [d+ (365 — 1)/2] i 2By 40,5 =0 (mod p).
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Proof. Call co(P) =k and p = 2m + 1, and pick ay, ..., agyom € Ha(X). Consider
the bundle Py, — X with Chern class co(Px4m) = k + m. Hence by hypothesis
¢2(Prtm) is odd and we have the (mod p) congruences:

3 1
P1(Pigam) = —4(k+m) = —d — 5(1 +b5) —dm=—d — 5(36;‘ —1) (mod p).

As in the proof of Theorem 5.3 consider the smooth 4m dimensional manifold
N C B*(Pk+m):
N=Vin-NVarom N Mgim
where dim(Mp. ;) = dim(My) + 8m = 2d 4+ 8m and Vi, ..., Vi, are the divisors
corresponding to ai, ..., aqr2m- Let N* be the Uhlenbeck compactification of N,
which is a compact stratified space with singular strata
N*— N = U L,.

Each singular stratum L, is a smooth manifold with the 4s — 1 dimensional link
¥ =50(3)xSO(3)*- - - SO(3) consisting of the join of s copies of SO(3) for some
1< s <m. Som(8s)p) = me(S*71) (). Since 2p — 3 = 4m — 1 by Proposition 4.7
7i(B*)(py = 0 for 4 < i < 4m — 1. Hence by obstruction theory we can assume that
the imbedding N C B*(Pytm) extends to the imbedding N* — L,,, C B*(Pytrm,) in
the complement of a finite set of points L,, (since we are localizing at p we might

have to change N* by a relatively prime p multiple of itself). Similar to (7) the
number of points of L,, is given by

#Ly = (¢"P4)(a1,...,a442).
So the mod p obstruction to extending the imbedding N* — L,, C B*(Pitm) to
N* C B*(Pgtm) is
#Lm[ZS] S 7T4m,1(8*)(p) = Zp.
This obstruction can also be computed by evaluating the k-invariant on IV:
(kap—2, N) = (@ — """ = p1(Prram) BT, N).-
This gives the other term in the statement of the theorem. O
Corollary 5.6. If P — X is an SU(2)-bundle on a closed smooth simply connected

simple 4-manifold, let p > 3 be a prime with c2(P) = (p+1)/2 (mod 2) when X is
even. Then we have the following implication of (mod p) congruences:

qP V2, =0 = iy(Parpi1) + (2d+3b5 —1) D4y, 1 = 0.

Remark. If we define 4 : Hy(X) — Z by ®g(a) = ®4(a, ..., a) we get
~1

(d+ i)®g(a).
i=1

In particular if p = 2m +1 and d # 0 (mod p), then ¢™®4 = 0. So in Theorem 5.5

o~

and Corollary 5.6 if we use the polynomials ®, instead of ®; we can replace the
condition ¢"®; =0 by d # 0 (mod p) in particular:

Corollary 5.7. Let P — X be as in Corollary 5.6, then for d # 0 (mod p):
iq(®arpi1) + (2d+3b5 —1) P4, 1 =0 (mod p).
If P — X is as in Theorem 5.4, then we get a stronger conclusion:

iq(Para) + (2d 4305 —1) Dgro =0 (mod 3).

(" 0)(a) = gfa,a) LF 2 ) = L0
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Remark. We can not determine if 71 (B*) acts trivially on its higher homotopy
groups. If this is the case, one can still do the Postnikov decomposition of B*. In
particular, in this case we can remove the conditions on c¢3(P) in all the above
results.

6. SOME APPLICATIONS

Even though by in large, the Donaldson polynomial invariants of complex sur-
faces can be computed by other means, the following application demonstrates use
of previous theorems, which could apply more general manifolds. Let d = dj (and
hence dp+1 = d+4). As in [R] by a routine calculation we get

(11) (2d + n)®q4 =i, o q(®q) —qoiq(i)d).

Invariants ®4(a1, ..., aq) are called polynomial invariants since they are elements
of the ring of d-linear symmetric functions Sym?(Ha(X)). In terms of a basis {b;}
of Hy(X) we can write

Oy = Z@d(bil,..., by )bF, s s b,

For example the intersection form @ =} q(b;, b;)b; b} is an element of Sym?(Hy(X)).
Also any element 3 € H?(X) can be considered to be an element of Sym' (Hy(X)).
By adapting the conventions of [FS] we define the symmetric product vy17y2 €
Sym? 92 (Hy(X)) of two elements ~; € Sym® (Hy (X)), i =1,2, by

1
= d1|d2| Z 71(0’0'(1)5 "'aaa(d1))72(a0(d1+1)7 "'7a0'(d1+d2))

€S +dy

Y172 (a17 "'ad1+d2)

where Sy, 14, is the symmetric group on d; + ds letters. For v € Sym®(H,(X)) by
convention y(P) € Sym?”(Hy(X)) is defined by

1

) — va_

v

For complex surfaces with “large diffeomorphism group” these polynomials are
known to be in the form [FM]:

(5] ]
b, = Zmde(j)K(dﬂj) — g Q7 K42
j=0 §=0
where K = ¢1(X). Here mg; € Z and mgq; = mg;/5'(d — 2j)!. Since ¢(Q7) = QQ7 =
Qj+1

(MY

[

[SIEW

]

(12) q(Pq) =Y mg QTR
=0
[9]+2
Dyiq = Z Mapa,; QT KT,
=0
[2]+2
(13) ig(Pasa) = Y Maa ig(QKT),

Jj=0
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By using (11) we get
ig(QTK) =iy o q(QF KT
= qoig(Q KT 4 [2(d + 2) + QT KT
By iteration we get

Z.q(Q%H) Z(g +2)(d+2+n) Q2" when d is even,

iq(QjKd+472j) —QIKK+2-% 4 2j(d+3—j+ g)ijle+472j.

Here we used i,(K") = KK"~2 where K = " ¢/ K (b;) K (b;), where ¢¥ = g(b;, b;),
and i,(Q) = n. Also we make the convention that Q~! = 0 (this term occurs when
j = 0 in the second formula). By substituting these into (13) and equating this
new expression of (12) and (13) into the formula of Theorem 5.4 and comparing
the corresponding coeflicients we obtain the following mod 3 congruence:

207+ 1)(d+2 = j +n/2)Mara 11 + Kitaray — (d+ Dinaya
= :td(d — 1)md7j,1

for j =0,..., [%] + 1. Here we make the convention mg _; = 0. Hence we get

Corollary 6.1. Let X be a simply connected complex surface with a large diffeo-
morphism group. Let P — X be an SO(3)-bundle. Assume that co(P) even when
wa(P) = wa(X). Then &4 mod 3 is determined by ®Pgira or ®gyo mod 3. Con-
versely, if K %0, then &4 or ®g10 mod 3 along with the coefficient of the highest
term Q[%HQK‘F[%] mod 3 in @44 determine @444 mod 3.

Since this paper was written Kronheimer and Mrowka have proved a general
structure theorem for the Donaldson polynomials of simple manifolds which im-
plies this type of corollary as a special case. Another useful application of these
congruences is to show that CP? is not a simple manifold (a fact which was previ-
ously noticed by P. Kronheimer, P. Lisca and D. Koschick). By applying Theorem
5.4 to an SU(2)-bundle P — CP? we get that, for d =0 or 1 mod 3

Dyia(h,hyhy .. h)=Pgiqa(1,1,h,...;h) mod 3
where h € CP? is the generator. Hence if CP? was simple we would have
Dyia(hyhyhy...sh) = Dy(h,...;h) mod 3.

This is a contradiction since for d = 1 the right-hand side is zero (the space of
ASD connections on CP? of charge k = 1 is empty [DK]), whereas by Donaldson
(for the upper positive cone chamber) the left-hand side is 1 (recall that since
b;r (CP?) = 1 in this case, the Donaldson polynomial depends on the chamber
structure) [Mo].
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